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1 Introduction 

Let (d, r) be the number of rational curves in K3 surfaces X that represent 
a homology class A G H2 {X, Z) of self-intersection = 2d — 2 and of index^ 
r. Yau and Zaslow |22j give an ingenious heuristic argument to compute the 
generating function for primitive classes and they also expected that the same 
formula holds true for classes of arbitrary index. More precisely the Yau-Zaslow 
conjectural formula says that, for any positive integer r, we have 



Their original approach was pursued by Beauville Chen |^ and Li ^^l- In 
[21 El) Bryan and the second author showed that N (d,r) can be computed in 
terms of the twistor family Gromov-Witten invariants of the K3 surfaces. They 
also proved the Yau-Zaslow formula for primitive classes in K3 surfaces and its 
higher genera generalization. 

In [14j . the first author reproved the Yau-Zaslow formula (jl.lj) for primi- 
tive classes and its higher genera generalization using -dimensional family 
Gromov-Witten invariants defined in J31 — following the approach of he 
computed those invariants by relating the TRR (topological recursion relation) 
and the symplectic sum formula of 8^ for a suitable degeneration of an elliptic 
K3 surface. In this article we explain how to use the same approach to compute 
the -dimensional family Gromov-Witten invariants for non-primitive classes. 
In particular we verify the Yau-Zaslow formula for non-primitive classes of in- 
dex two. At present, it is not easy to use this approach to handle classes of 
higher indexes, for example, we do not know how to handle relative invariants 
with multiplicity greater than 2. An analogous problem for the Seiberg-Witten 
invariants was studied by Liu |19j . 

Notice that N (d,2) is different from the family Gromov-Witten invariant 
GW'^Q due to the multiple cover contributions, as it was explained by Gath- 
mann in [SI- This is because the family Gromov-Witten invariants count holo- 
morphic maps and each rational curve C representing the primitive class A/2 
contributes 1/2'^ to GW]^q, however, the multiple curve 2C contributes zero to 
N {d, 2) because it has negative genus. As a result, the Yau-Zaslow formula for 
non-primitive classes of index two follows directly from the following theorem. 

^The index of A is the largest positive integer r such that r^^A is integral. An 
index one class is called primitive. 




(1.1) 
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Theorem 1.1 Let X be a K3 surface and A/2 £ H2[X;7,'^ be a primitive 
class. Then, the genus g = family GW invariant of X for the class A is given 
by 

where B is any primitive class with = . 

In the sequel |15j . we apply the same technique to enumerate the number of 
elliptic curves representing non-primitive classes of index two in K3 surfaces. 

The construction of family GW invariants is briefly described in Section 2. We 
outline the proof of Theorem 11.11 in Section 3. This proof follows the elegant 
argument used by lonel and Parker to compute the GW invariants of E{Q) 
[Hj. It involves computing the generating functions for the invariants in two 
different ways, first using the TRR formula, and second using the symplectic 
sum formula. Section 4 gives the sum formulas of the symplectic sum of E[2) 
with -E(O) along a fixed fiber. The sum formulas yield relations of family 
invariants of E[2) and relative invariants of E[{}). We compute those relative 
invariants of -£(0) in Section 5-7. 
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2 Family GW invariants of K3 surfaces 

This section briefiy describes family GW invariants of K3 surfaces. We first give 
the definition of family GW invariants of Kahler surfaces with pg = dmiH^'^ > 1 
defined in Fix a compact Kahler surface {X,J) and choose the 2pg- 

dimensional parameter space 

n = Re{H^'^{X)(BH°'^{X)). 

Using the Kahler metric, each a (z TC defines an endomorphism Ka of TX by 
the equation 

{u,Kav) = a{u,v). 
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Since Id + JKa is invertible for each a (z Ti, the equation 

= {Id + JK^y^J{Id + JK^) 

defines a family of almost complex structure on X parameterized by a in the 
2pg— dimensional linear space H. The family GW invariants are defined, in the 
same manner as the ordinary GW invariants [22\ I17j . but using the moduli 
space of stable (J, a)-holomorphic maps {f,a): 

7W^,(X, A,J) = {if,a)\dj^=0, aen,[f]=Ae H^iX; Z) }. (2.1) 

For each stable (J, a) holomorphic map /: {C,j) ^ X of genus g with k- 
marked points, collapsing unstable components of the domain determines a 
point in the Deligne-Mumford space Mg,k and evaluation of marked points 
determines a point in X'^ . Thus we have a map 

stxev: AT^fe(X,A,J) ^ Mg^k ^ X'' (2.2) 

where st and ev denote the stabilization map and the evaluation map, respec- 
tively. If the space H2.ip is compact, it carries a fundamental homology class 

[m'^^,{x,a,j)] 

which we can push forward by the map ()2.2|) to obtain a homology class 
{st X ev), [AT^fc(X,^, J)] G H2r{Mg^k x X^Q) 

where r = —K ■ A + {g — \) + k + pg and K is the canonical class of X . Then, 
the family GW invariants are defined by 

GW'^^{X,A,J){k-(3i,--- ,A) 

= (st X ev), [M^,k{X, ^, J) ] n (k* U U • • • U PI) 

where k* and (31 are Poincare dual of k G II*{-M.g,k\Q) and f3i G H,(yX^;Q^ , 
respectively. 

When X is a K3 surface, the family GW invariants reduce to the invariants 
defined by Bryan and Leung [2j using the twistor family. In particular, (i) they 
are independent of complex structures and (ii) for any two homology classes 
A and B of the same index with = , there is an orientation preserving 
diffeomorphism h: X ^ X such that h,A = B and 

GH^«fc(X,A)(K;/3i,... ,/5fc) = GWI<;^,{X,B){k;KPi,--- ,KPk)- (2.3) 

Below, we will often write the family GW invariants of K3 surfaces as simply 

GW^^g{X){K;Pi,--- ,(3k) or GW^^g{K; Pi, ■ ■ ■ , pk) . 
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By dimension count, this invariant vanishes unless 

deg(«*) + ^deg(/3;) = 2(9 + k). 

Let £'(2) — > be an elliptic K3 surface with a section of self intersection num- 
ber —2. Denote by S and F the section class and the fiber class, respectively. 
It then follows from 1)2. 3() that for any class A of index 2 with {A/2)'^ = 2d — 2, 
we have 

These are the invariants we aim to compute. We will compute them following 
a similar approach of [HI ^5 — relating the genus 1 TRR Formula and the 
Symplectic Sum Formula [S]. 

The Sum Formula yields relations between GW invariants and relative GW 
invariants of iTj. One can derive a family version of the Sum Formula for the 
cases of elliptic surfaces (cf Jlj). Here, we introduce relative family invariants 
of E{2) and describe the extension of the Sum Formula in Section 3. 

First, we define relative family invariants of E{2) for the classes 25" + dF , 
d £ 7j. Let y = be a smooth fiber of £"(2) and choose a smooth bump 

function that vanishes in a small 5-neighborhood of V and is 1 everywhere 
outside of a 2(5-neighborhood of V . Replacing a £ by fia and following 
the construction of relative invariants in |2j , one can define the moduli space of 
'F-regular' (J, /ia)-holomorphic maps (/, //a) 

KCi^^ + ^^) (2.4) 

where s = (si, • • • , s;) is a multiplicity vector and f^^{V) consists of marked 
points Pj,k + l<j<k + l, each with the contact order of / with V at pj 
being Sj . Since each sj > 1 and (25' + dF) ■ [V] = 2, the multiplicity vector s 
is either (1, 1) or (2). This moduli space also comes with a map 

stxevxh : M'^'^^^iS + dF) ^ Mg^k+i x E{2)'' x (2.5) 

where ev is the evaluation map of first k marked points into E[2)'^ and h is 
the evaluation map of last I marked points into . The moduli space (|2.4() is 
compact (cf Section 6 of 14 ) and hence carries a fundamental class 

[Ml,^,{S + dF)] 

which we can push forward by the map (|2.5() to obtain a homology class 

{st xevx h), [M'^;^2S + dF)] G H2r(MgMi x ^{2)'' x V^; Q) (2.6) 
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where r = g + k + I — 2. The relative family invariants of {E{2),V) is then 
defined as 

= {st xevx h), [M^^l^{2S + dF)] n {k* U /3* U 7*) (2.7) 

where 13* = /^J" U ■ ■ ■ U , 7* = 7J' U ■ ■ ■ U 7^ , and 7* is the Poincare dual of 
7j G H^iV-Z) in V. 

Similarly, we can define relative family invariants of E{2) for the classes S + 
{2d — 3)F , d £ 7j. In this case, we choose a symplectic submanifold U = T'^ 
of E{2) that represents the class 2F . Repeating the same arguments as above 
then gives relative family invariants of (-^(2), U) 

G'^l+(2d-3)F,g,s('^;/^i'--- ,f3k;C^i-'n) (2.8) 
where s is also either (1,1) or (2) since each Sj > 1 and {S+{2d — 3)F)-[U] = 2. 

The invariant (|2.7j) (resp. (|2.8j) ) counts the oriented number of genus g Ir- 
regular (resp. [/-regular) ( J, /ia)-holomorphic maps {f,iJ,a): C E{2), rep- 
resenting the homology class 25 + dF (resp. S + {2d — 3)F), with C G K and 
f{xi) G Ai such that these have a contact of order Sj with V (resp. U) along 
fixed representatives Gj of 7^ in V (resp. U) where K and Ai are represen- 
tatives of K and Pi . In particular, both relative invariants (|2.7|) and 1)2. 8|) have 
the same (formal) dimension and thus vanish unless 

deg{K*) + Y,deg{(3*) + Y,deg{^*) = 2{g + k + l-2). 

3 Outline of computations 

Our goal is to compute the g = family invariants of K3 surfaces for the 
classes A of index 2. By ()2.3)) . it suffices to compute the invariants of E{2) 
for the classes 2{S + dF) . For convenience we assemble them in the generating 
functions 

Mg{-){t) = Y.GW^s+dFA-)t'- (3.1) 

We further introduce generating functions for invariants of primitive classes, by 
the formula 

Ng{-){t) =J2GW^+dFA-)t', 

PA • )(i) = E GW^+i2d-3)FA ■ ) i"- (3.2) 
Qeometry & Topology, Volume 9 (2005) 
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It then follows from ()2.3|) that 

d>0 

since both 2S + dF and S + {2d — 3)F are primitive with the same square when 
d is odd. In this and the following four sections we will show: 

Proposition 3.1 Mo{t) - Po{t) = (^^Y No{t'^). 

Let A be any class of index 2 and B be any primitive classes such that = 
= 4{2d - 2). Proposition O and ((231) then imply 

and hence prove Theorem 11.11 of the introduction. 
Below, we outline how we prove Proposition 13.11 

Let ipi be the first Chern class of the line bundle £^ —>■ A4g i^[X, A^ whose 
geometric fiber at the point (C;xi, - • • ,Xk,f,a) is T*.C. Similarly as for the 
ordinary GW invariants, one can use ipi to impose descendent constraints on 
family invariants as follows: 

GTyJ;i(X,A)(T„,(/?i),--- ,r„,(A)) 

= (.txe^;).([7w^,(x,A)] n(^r--"^r) n (/3ru---u/3n. 

If the constraint TrmiPi) repeats n times and deg(/3*) is even, we will use the 
notation Tmi{l3iT ■ 

Recall that V = T is a fixed smooth fiber of E{2) ^ . To save notation, 
we denote by F the fundamental class of V . Introduce a generating functions 
for the relative invariants of {E(2),V), by the formula 

<(2) (*) = E GW^s+dFM2) (Cf) . (3.3) 

As in Proposition 3.1 of ^T^B, we can combine the g = 1 TRR formula with the 
composition law (Proposition 3.7 of 13 ) to have 

Mi(r(F)) = itM^ - |Mo. (3.4) 

Then, in Proposition 14.41 we apply the Symplectic Sum Formula of j8| to obtain 

Mi(t(F)) = Mi^(2) + 4G2M0, (3.5) 
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M2(t(F)2) - 2Mi{pt) = 20G2M1^2) + (l6Gi + UG'2)Mq (3.6) 
where 6*2 (t) is the Eisenstein series of weight 2, namely 

G2{t) = ^a{d)t'^ where a{d) = ^k, d > 1 and ct(0) = 

<i>0 k\d 

Now, eliminate MY(^2) P-^'P by using H3.4|) and 1)3.5(1 to obtain 
M2(t(F)2) -2Mi(pt) = f GatM^ - (64Gi + f G2 - 8tG'2)Mo. (3.7) 

Recall that U = T'^ is a fixed symplectic submanifold of E{2) that represents 
the class 2F . Without any further confusion, we will also denote by F the 
fundamental class of C/ = . Introduce a generating function for the relative 
invariants of {E{2), U), by the formula 

The genus 1 TRR formula gives a formula like ()3.4|) 

Pi(t(2F)) = - |Po. (3.9) 

Then, in Proposition 14.51 we apply the sum formula to have formulas like ()3.5|) 
and (jSSI) 

Pi(r(2F)) = + 4G2P0, (3.10) 

P2(r(2F)2) - 2Pi{pt) = 20G2Pi^(2) + (16G| + 8tG^)Po (3.11) 

Similarly, as above, equations H3.9() . (|3.10() and (|3.11|) give 

P2(t(2F)2) -2Pi(pt) = f GstP,^ - (64Gi + f G2 - 8tG'2)Po. (3.12) 

Note that the equations 1(3. 7|) and (|3.12l) have the same coefficients. This is true 
because all coefficients of TRR and sum formula depends only on the topological 
quantities 

{2S+dFf = {S+{2d-3)Ff, {2S+dF)-F = {S+{2d-3)F)-2F, F^ = {2Ff. 

Hence, (jSIZl) and give 

3[M2(r(F)2) - P2(r(2F)2)] - Q[Mi{pt) - Pi{pt)] 

= 20G2t(Mo - Po)' - (l92Gi + 4OG2 - 24tG2) (Mq - Pq). (3.13) 

Note that by (|2.3|) both generating functions Mi (pt) — Pi (pt) and Mq — Pq have 
no odd terms. One can also show that the generating function M2(t(P)^) — 
P2(t(2P)^) has no odd terms (see |15|). Consequently, comparing odd terms 
of both sides of (|3.13j) gives the first order ODE 

0= 20Got{Mo- Po)' - (384GeGo + 40Go - 24tG'J (Mq-Pq) (3.14) 
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where Ge(t) (resp. Go{t)) is the sum of all even (resp. odd) terms of G2{t). 
On the other hand, it follows from the equation (2.7) of 14 that 

tjN^it") = 2t'%{e) = 48G2{t^)No{e) + 2iVo(t2). (3.15) 
Combining 1)3. 15(1 with the following relation of certain quasi-modular forms 
At'^G'2{t^) = 32Gl{t^) - 40G2(t)G2(t^) + 8Gl{t) - tG'S) (3.16) 

(see Lemma l3.2|) says that NQij?) also satisfies the same ODE 1)3. 14() . Since the 
initial conditions are A^o(O) = 1 (cf E!) and Mo(0) - Po(0) = (1/2)^ (cf |S]), 
we can conclude that 

Mo(t)-Po(t) = (i)'iVo(t'). 

This completes the proof of Proposition 13.11 and hence of Theorem 11.11 of the 
introduction. The main task is, thus, to establish the sum formulas ()3.5|) . 1)3. 6() . 

(rnm . and (jnnj). 

We end this section with the proof of 1)3.16(1 . 

Lemma 3.2 At^ G'^it^) = 'i2Gl{t^) - A<CiG2{t) G2{t^) + 8Gl{t) - tG'^it). 

Proof Let G2{z) = J2d>o^i^) ^^'^ 

E{z) = -2DG2{2z) + 32Gl{2z) - 40^2(^)^2(22) + 8GI{z) - DG2{z) 

where z G C with Im(z) > 0, q = e^'"''^ and D = q-^ is the logarithmic 
differential operator. It then suffices to show that E(z) = 0. 

Since the Eisenstein series G2{z) of weight 2 satisfies 

G2[-^) = {cz + dfG2{z) - for any ( ^ J G SL(2,Z) 

one can show by hand that E{z) is a modular form of weight 4 and of level 2 on 
the Hecke subgroup ro(2) . The space of such modular forms is a 2-dimensional 
vector space with generators 

d>l 

G^\z) = [G2{z) - 2G2{2z)]' = J^ + lq+^lq^ + ... 
where cJ3(d) = Efc|d^^ (cf CHI). Thus, E{z) can be written as 

E{z) = aG,{z) + bG^iz) = + ^) + (lOa + A) ^ + . • • 
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for some constants a and b. On the other hand, one can also show by hand that 
the first two terms in the g-expansion of E{z) vanish. Consequently, a = b = 
and hence E{z) = 0. □ 



4 Symplectic sum formula 

Let -E(O) = S*^ xT^ — > be a rational elliptic surface. To save notation, we also 
denote by S and F the section class and the fiber class of E{0) , respectively. 
In this section, we apply the sum formula 8 of the symplectic sum of E{2) and 
E{0) to prove the sum formulas (glSl), (EHHI), and (jTTTl) . 

Recall that ^ = is a fixed fiber of E(2) S"^ . For convenience, we use 
the same notation V for a fixed fiber of E{0) —>■ S"^ . Recall that relative GT 
(Gromov-Taubes) invariants of {E{0),V) count V-regular maps from possibly 
disconnected domain [J^ . The sum formula of 8^ applies to GT invariants to give 
relations between GT invariants and relative GT invariants. The sum formula 
also applies to GW invariants. In this case, it gives relations between GW 
invariants and (partial) relative GT invariants — these invariants are defined 
to count maps each of whose domain component has contact order at least one 
with V. We denote such (partial) relative invariants of {E{0),V) for the class 
2S + dF with the Euler characteristic x and the multiplicity vector s by 

+dF,x,s{G"/i-"/i', 1^', Pi, ■ ■ ■ ,Pk)- (4.1) 

Here, s = (si,--- ,si) equals (1,1) or (2), 7^ G H^{V;Z), k G H^{M^^k+i;Q.) 
and Pi S H^{E{0);Z); A4^^k+i is the space of all compact Riemann surface of 
Euler characteristic x with k + 1 marked points. We will also use the notation 
7" if the constraint 7^ repeats n times and deg(7*) is even. By dimension 
formula of 0, the (partial) GT invariant l|4.1j) vanishes unless 

deg{K*) + 5^ degiP*) + deg(7;) = 2{4 - + k + I - 2) . 

Consider the symplectic sum of E{2) and -^(0) along V 

E{2) = E{2) #v E{0). (4.2) 

The Gluing Theorem (Theorem 10.1 of 8 ) applies for this sum to give relations 
between family GW invariants of E(2) for the classes 2S + dF and (partial) 
relative family GT invariants of {E{2), V) for the classes 25" + dF . The latter 
count F-regular maps / with possibly disconnected domains such that if / 
has a disconnected domain of Euler characteristic x with k marked points / 
is a pair of F-regular maps (/i, /2) satisfying [fi] = S + diF with di+ d2 = d 
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and the domain of fi lies in Mg-^ki with x = 4 — 2{gi + §2) and k = ki + k2- 
Denote the moduh space of all such pairs (/i, /2) by 

-^(g;,S2),(fci,fc2),{l,l)(c^l,C?2). (4.3) 

The standard corbodism argument (cf proof of Proposition 3.7 of 13 ) then 
shows that the moduli space (|4.3|) is corbodant to the product moduli space 

where the first factor is a relative family GW moduli space of {E{2), V) and the 
second is a relative ordinary GW moduli space of {E{2), V) . Since E{2) is a K3 
surface, the contribution of the second factor to relative ordinary GW invariants 
of {E(2),V) vanishes. Consequently, the contribution of the moduli space ()4.3() 
to (partial) relative family GT invariants also vanishes. This implies that for 
the classes 2S + dF the (partial) relative family GT invariants of {E{2),V) 
and the relative family GW invariants GW^ are the same. Therefore, a family 
version of the sum formula of the sum (|4.2() for the classes 25* + dF relates 
GW'^ invariants of E{2) and GW^ invariants of {E{2),V). 

On the other hand, using Lemma 14.5 of 8 and routine dimension count one 
can show that there is no 'contribution from the neck' (cf Section 12 of W)- 
Moreover, 'rim tori' 7 of £'(2) -side disappear under the symplectic sum ()4.2|) 
— that enables us to work with summed relative invariants. Combined with 
these observations, the Gluing Theorem then yields a considerably simple sum 
formulas H4.4() below: Let {74} be a basis of H^:{V;Z) and {7*} be its dual 
basis with respect to the intersection form of V . For a vector of nonnegative 
integers m = (mi, • • • , 772,4) with ^ rrii is either 2 or 1, we set 

Cim = C'T,™i...^f4 , Gy^, = C(-^4)m4...(y)mi , and m! = JJ mil. 

For a multiplicity vector s = (si, • • • , s/) , either (1,1) or (2), let \s\ =Ylsi. We 
are now ready to write a sum formula of the symplectic sum ()4.2() 

where the sum is over all s = (si, • ■ ■ , s/) which is either (1,1) or (2), vectors 
m = {rrii) as above with '^mi = l{s) , d = di + d2 and g = gi — \x2 + ^(s) • 

Similarly, one can also derive a sum formula for the case of family invariants 
of E{2) for the classes S + {2d - 3)F, d G Z. Recah that ?7 = is a fixed 
symplectic submanifold of E{2) that represents the class 2F . We also denote 
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by [/ a fixed fiber of E(0) S'^ and consider the symplectic sum of E{2) with 
E{0) along U 

E{2) = E{2)#uE{0). (4.5) 

Since both U and V are fibers of E{0), relative GW invariants of {E{0),V) 
and {E{0),U) are in fact the same. Thus, the (partial) relative GT invariants 
of {E{0),V) and {E{0),U) are also the same invariants, ie G^^ = G^^ . On 
the other hand, U C E{2) represents 2F on E{2) , while U C E{0) represents 
F on E{0). With these observations, repeating the same arguments as above 
for the symplectic sum ()4.5() gives a sum formula like H4.4() 

GW^^^,,_,)^Jr{2Ff,pt^-'^) 

= E |^GTy|^+(2d,-3)F,,,,.(^^7™)G$r5+d.F,x2,s(c,„*;r(F)^p^^-^). (4.6) 

Remark 4.1 Once and for all, we fix an (ordered) basis {pi, 71, 72, -F } of 
H^iy^'L) = H.^{U;'L) and its (ordered) dual basis {F, 72, —71, pi } with respect 
to the intersection form oi V = U where {71,72} is a basis of Hi(V;7j^ = 
Hi{U;Z) ^ Hi{E{0);'l.) with 71 -72 = 1. Then, in the sum formulas and 
1)4. 6(1 the splitting of diagonal for contact constraints C^„j is given as follows: 

• if m = (2, 0, 0, 0) then 7^ = pt'^ and 7^* = F'^ , 

• if m = (1, 0, 0, 1) then 'jm = pt • F and 7m* = pt ■ F , 

• if m = (0, 1, 1, 0) then 7^ = 71 • 72 and 7^. = (-71) • 72 . 

Using the sum formula (|4.4p , one can derive relations between invariants GW^ 
and GW^. 

Lemma 4.2 Let GW^ be the relative family invariants of (E (2), V) . Then, 

(a) ^G'W^2^^dF,o,(i,i)(^i^2) =GW^g_^_^pQ, 

(b) ^14^25+^^,1, (1,1) (^71-72) = G'^2S+<iF,i,(i,i) (^p*--f) ' 

(c) GW^s+,^,i,,^{C,t.F)=GW^s+dFApi)-^ S GW^s+d,F,od2CJid2). 

d=di+d2 

Proof (a) By the sum formula (|4.4j) . Remark 14 . 1 1 and Lemma l7.1l a. we have 

GW^^^PQ = ^ hGW2S+diF,0,{l,l){GF^) G^2S+d2F,4,{^,l){Gpt2) 
d=di+d2 

= I ^^25+^^,0,(1,1) {Gpi) ■ 
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(b) Note that the sum formula H4.4|) also holds for one dimensional constraints. 
The sum formula (|4.4|) . Remark 14. II and Lemma iT.ll b.c.d.e thus give 

GW2^+dF,l(^*(7l),^*(72)) 
d=di+d2 

+ ^ GW2^_^diF,l,(l,l)(^7i-72) G'^2S+d2i^,4,(l,l)(^(-7l)-72;'Tl,72) 
d=di+d2 

+ 2GW^25+diF,l,(2)(C^)G''l>^SW,2,(2)(Cpt;7l,72) 
d=di+d2 

+ X] ^ ^^25+diF,0,(l,l) i^P^) G^2S+d2F,2,a,l) (^pt^ ; 7l , 72) 
d=di+d2 

= GW2s+dF,l,{l,l){'^pt F) - GW2^_^dF,l, (1,1) ('^71-72) 

where t: V ^ E[2) is the inclusion map. Since E{2) is simply connected, the 
left hand side of the first equality vanishes and hence this shows (b). 

(c) We have 

GWl's+dF^iipt) 

= ^ GW^g^^^p^^j^-^^{Cpt.F)G^\gj^j:^p^^j^-y^{Cpt.F]pt) 

d=di+d2 

+ ^ '^GW2s+diF,l,(2)i^F) ^^2S+d2F,2,{'i)^^P^'P^) 
d=di+d2 

+ X] ^^^25+diF,0,(l,l)('^^0 '^^25+^2^,2,(1,1) ('^pt^;^*) 
d=di+d2 

= G'<s+dF,i,(i,i)(C^P^F) +2 GW^s+d,F,od2a{d2) 

d=di+d2 

where the first equality follows from the sum formula (|4.4|1 and Remark 14.11 
and the second follows from Lemma l7.1l f.g.h. □ 

The sum formula 1)4.6^ also gives relations between invariants GW^ and GW^ . 
Lemma 4.3 Let GW^ he the relative family invariants of {E{2), U) . Then, 

(a) lG'^5+(2d-3)F,0,(l,l)('^^'0 = '^^5+(2d-3)F,0 ' 

(b) ^^^^(2^-3)^,1, (1,1) (^71-72) = ^^S+(2d-3)F,l,(l,l) ('^P*-^) ' 

(c) G'Ty5^(2d_3)F,l,(l,l)(^P<-^) 
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{pt)-2 E GTF|t(2..-3)F,0rf2CT(ci2). 

d=di+d2 

The proof of this lemma is identical to the proof of Lemma 14.21 
Now, we are ready to show the sum formulas ()3.5|) and (|3.6() . 

Proposition 4.4 Let M and be the generating functions defined in i)^.J|) 
and (123), respectively. Then, 

(a) Mi(r(F)) = M^^^^ + 4M0G2, 

(b) M2(r(F)2) = 2 Ml (pi) + 20 M^^^^ G2 + Mq (16 + StG'^) . 
Proof (a) We have 

= ^ '^^2S+diF,l,(l,l)('^pt i^) G'^25+d2F,4,(l,l)(^P*-^''^(-^)) 
d=di+d2 

+ 2 GW^s+d,FM2) (Cf) G^^s+d2FM2) (Cpf, r{F)) 

d=di+d2 

+ X] ^ '^^2S+diF,0,{l,l)(CF2) '^^2S+d2F,2,{l,l)(Cp^2;•^(-^))• 
d=dl+^i2 

= '^^25+dF,l,(2) (Ci") + X] 2GTy2S+diF,0,{l,l)(CF2) '^('^s) 

d=di+d2 

= GW^s+dF,U2)iCp) + E ^GW^s+d,F,o'^id2) (4.7) 

where the first equality follows from the sum formula ()4.4p and Remark 14.11 
the second equality follows from Lemma 17.21 and the third equality follows 
from Lemma 14. 21 a. Then, (a) follows from 1)4. 7|) and definition of generating 
functions. 

(b) The sum formula 1)4.41) and Remark 14. II give 
GW^s+dFA^i^f) 

= E ^'^^25+diF,2,(l,l)(Cpt2) '^^25+^2^,4,(1,1) (^i^2;T(F)^) 
d=di+d2 

+ Yl 2GI^2V^_2,(2)(CpO^'^'2Vd2F,0,(2)(CF;T(F)2) 
d=di+d2 

+ ^ GWYs+diF,l,{l,l){GptF)G^2S+d2F,2,(l^)i^P^-^'''^^^'>'^) 
d=di+d2 
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d=di+d2 
d=di+d2 
rf=(ii+d2 

By Lemma 17.31 the right hand side of 1)4.8^ becomes 

^^2S+dF,l,il,l){^pt F) + G'Wg^+^^ i (1 i)(C^i.72) 

+ ^^GW^S+d,FM2)iCF)^id2) 
d=di+d2 

+ E |G^25+d,F,o,(i,i)(^^0 ( E 16a(A;i)a(A;2) + 12(i2a(d2)). 

(i=rfl+d2 ki+k2=d2 

This can be further simphfied by using Lemma 14.21 to give 

'^GW^S+dFAPt) + E '^^GW^S+d,FX{2){CF)-C7{d2) 

d=di+d2 

+ E GW^s+d,F,o{ E 16a(A;i)a(A;2) + 8d2^(rf2)). (4.9) 

d=di+d2 ki+k2=d2 

Thus, (b) fohows from (|4.8|) . (|4.9j) and definition of generating functions. □ 
The same computation shows p.lOp and 

Proposition 4.5 Let P and he the generating functions defined in ^3.2\) 
and respectively. Then, 

(a) Pi(t(2F)) = + 4P0G2, 

(b) P2(t(2F)2) ^ 2Pi(pt) + 20P-[^(2)G2 + Po (16 Gi + StCQ . 
5 GW invariants of £'(0) 

In order to complete the proof of the sum formulas ()3.5|) . H3.6p . (|3.1Up . and 
p.llf) . we need to compute the (partial) Gromov-Taubes invariants of £'(0) 
that appeared in Section \^ Those invariants are expressed in terms of the 
relative invariants of E{0). The aim of this section is to compute various GW 
invariants of E(0) which we use in later sections to compute the required relative 
invariants. 
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Recall that S and F denote the section class and the fiber class of E{0), 
respectively. We always denote the genus g GW invariants of E(0) for the 
class A by 

where k £ -f^*(A1g,A:; Q) and (3i G H^{E{0);Z) . Note that by dimension count 
this invariant vanishes unless 

deg(K*) + ^deg(/3*) = 2{A-{2F)+g-l + k) 
where k* and f3* are Poincare dual of k and Pi , respectively. 

We start with the genus GW invariants for the trivial homology class. The 
lemma below directly follows from Proposition 1.2 of 

Lemma 5.1 Let $ denote the GW invariants of E{0). Then, 

$0,0 (k; /?i , • • • , /3n) = unless n = 3 and $o,o , /32 , /^s) = / PI U P2 U P3 

Je{o) 

where (3* denote the Poincare dual of (3i G H^{E{0);Z) . 

Recall that 1/ = is a fixed fiber of E{0) — > S'^ . We always denote the genus 
g relative GW invariants of {E(0),V) for the class A with the multiplicity 
vector s by 

where s = (si, ■ • • ,si) with X] Sj = A • [1^] = ^ • F and 7^ G H^{V; Z) . By 
dimension formula of 171, this relative invariant vanishes unless 

deg(K*) + ^degiP*) + ^deg(7;) = 2 {A ■ {2F) + g - 1 + k + I - A ■ F) 

where 7* is the Poincare dual of 7^ . 

Recall that {71,72} is a basis of Hi{V;7,) = Hi{E{0);Z) with 71 • 72 = 1 and 
F also denotes the fundamental class of V . 

Lemma 5.2 [SlITHlIIll Let $ and denote the GW invariants of E{0) and 
the relative GW invariants of {E{0),V), respectively. Then, 

(a) $s,o(pt) = $^,0,(1) (Cpi) = ^5,0,(1) (^'*;^^) = 1' 

(b) $5,0(71,72) = $s,0,(l)(^i;^72) = $5,0,(1) (71, 72; Cf) = 1, 

(c) $s+dF,i(r(F),pt) = $^^,^^^_^^^(r(F);Cpi) 
= '^^s+dF,uiMF),pt;CF) = 2a{d), 
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(d) ^s+dF,i{pt^) = 2da{d) ■ ^+dF^{pt-^Cpt) = da{d), 

(e) ^s+dF,i{pt, 11,12) = ^5+dF,i,(i)(P*'')'i;C72) = da{d)] 
^s+dF,i,(i)(7i>72;Cpt) = 0, 

(f) ^dF,i{S) = 2a{d). 

We will often use the following simple observations: 

Remark 5.3 Consider -E(O) = S"^ x with a product complex structure. 
Since there is no nontrivial holomorphic map from 5^ to T^, any nontrivial 
holomorphic map f : S"^ ^ -^(0) should represent a class aS , a > 1, with its 
image a section. Thus, the image of such maps can't pass through generic two 
points, a generic geometric representative of 71 or 72 and a generic point, or a 
generic section and a generic point. Combined with the Gromov Convergence 
Theorem |211 12U1 [H] , this observation gives vanishing results of certain genus 
invariants. For example, $aS+dF,o( • ) = ho^aSfl{ ■ ) and 

^aS,o(pt,7l, • ) = ^aSfi{S,pt, ■ ) = <PaS,o{S,S, ■) = 0. 

Fix a product complex structure on E{0) and let f : S"^ ^ ^i^) be a holo- 
morphic map representing a class aS , a > 1. Then / is a branched cover- 
ing of some section 5*0 of E{0) and since the normal bundle of is trivial 
H^{f*TE{fS)) = H^{: e /*T5o) = 0. This shows that the linearization Lf 
of the holomorphic map equation at / has a trivial cokernal. With this obser- 
vation, we will use the product complex structure of -E'(O) for computation of 
both absolute and relative GW invariants for the following cases: 

Lemma 5.4 Let <I> and denote the GW invariants of E{0) and the relative 
GW invariants of (E{0),V), respectively. Then, we have 

(a) ^^2SM2Mpy^Cpt) = ^2SM2M^^^y^^p) = 1' 

(b) ^^,0,(1) (^(^)'^^) = ^SMP)) = ^2SM2M^)'-^Cf) = 0. 

Proof (a) Fix a product complex structure on E{0) and let Vi,V2,V be 
distinct fibers and p be a point in V . Denote by 

Ml^^^^){E{0),2S){Vi,V2,p) C Mo,3{E{0),2S) (5.1) 

the cut-down moduli space that consists of all maps (/, C; xi, X2, X3) satisfying 
(i) the contact order of / with V at xs is 2 and (ii) f{xi) £ Vi, i = 1,2, 
and /(xa) = p. This space is smooth of expected complex dimension 1 with 
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no boundary stratum; by stability each map in the space ()5.1|) has a smooth 
domain. Moreover, each map / in the space (|5.1|) has no non-trivial automor- 
phism and the linearization Lf has a trivial cokernal. Therefore, the invariant 
^2S0 (2) (''"(-^)' ^p*) equal to the (homology) Euler class of the relative 
cotangent bundle Ci over the cut-down moduli space (jS.lf) whose fiber over 
(/,C;xi,X2,X3) is T*^C. 

Note that each map / in 1)5.1(1 is a 2-fold branched covering of the fixed section 
Sp = containing the point p. Let pi,P2, and ps be distinct points of and 
P = {ps} ■ Then the space ()5.1() can be identified with 

^0M2){^\^)iPi^P2) C ATo,3(P\2) (5.2) 

the space of degree 2 stable maps /: [F^,xi,X2,X2) [F^,P) satisfying (i) 
the contact order of / with p^ at X3 is 2, and (ii) f{xi) = pi for i = 1,2. 
Under this identification, the relative cotangent bundle £1 over the space (|5.1|) 
becomes the relative cotangent bundle, still denoted by Ci , over the space (|5.2() : 
this bundle Ci has a fiber T*^F'^ at /. 

For each map / in the space (|5.2() . choose local holomorphic coordinates z 
centered at xi and w centered at pi. Then, there is a local expansion f(z) = 
'^k>i^k z'^ ■ The leading coefficient ai is the 1-jet of / at xi modulo higher 
order terms. Thus, we have a global section 

ai e Ci (5.3) 

over the space ()5.2|) . The zero set of this section consists of degree two branched 
coverings (P"^, xi, X2, X3) — > {F^ ,pi,P2,P3) with the ramification indexes (2,1,2) 
at marked points {xi,X2,X3) . Since there is only one such map, the (homology) 
Euler class of the bundle Ci over the space (|5.2() is one. Consequently, we have 

^^2SM2){r{Fy,Cpt) = ^2V{2)(^(^)'^;^P*) = 1- 

By the same arguments as above, the invariant ^^250 (2) l^*^' ''"(-^)' 

number of degree two branched coverings (P^, xi, X2, X3) — > {F^ ,Pi,P2,P3) with 

the ramification indexes (1,2,2). Since the number of such maps is 1, we have 

^wM^^incp) = 1. 

(b) Similarly, as above, one can show that the invariant ^ ^^^[t{F), F;Cf^ 
is the Euler class of the relative cotangent bundle 

A - (a^J2,(i)(IP',1)(pi,P2)) xV 
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with a section defined similarly as in (|5.3|) . The zero set of this section is empty 
since there is no degree 1 map P-*^ with ramification indexes (2,1,1). 

Thus, we have 

^5,0,(1) (^(^);^^) = '^'s,o,(i)(^(^)'^;^^) = 0- 

Repeating the same argument, we also have 

^s,o(r(F)) = $s,o(r(F),F2) ^ ^ 

Similarly, the invariant <I>^^ q ^f) is the Euler class of the bundle 

Ci(BC2 ^ (A^j2,(2)(lP'>2)(m,P2)) xy 

with a section defined similarly as in ()5.3p . The zero set of this section is empty 
since there is no degree 2 map P"*^ —>■ P^ with ramification indexes (2, 2, 2) . 
Thus, the invariant '^'^go (2) (''"(^)^' is trivial. □ 

6 GW invariants of E{0) with r(F) constraints 

The aim of this section is to prove: 

Lemma 6.1 Let $ denote the GW invariants of E{0). Then, 

(a) $25,o(T(F)2,pt) = 1, 

(b) $25,o(t(F)2,7i,72) = 2, 

(c) ^2S+dF,i{riFf,pt) = 24a{d), 

(d) <^2S+dF,i{riFf,pt^) = 16daid). 

One can prove Lemma 15.11 applying the genus and 1 TRR formulas for the 
descendent constraint t{F). In fact, these TRR formulas consist of: 

(1) the relation between the tautological class ip (see below) and some bound- 
ary strata of the Deliegn-Mumford space Mg^k , 

(2) the relation between t{F) constraint and il^{F) constraint. 

The relation (1) is also called TRR formula and the relation (2) follows from 
relations between generalized correlators (Theorem 1.2 of JJ). In our case, 
the computation using TRR formulas for t{F) is quite complicated, so we will 
separate the computation into two steps: we first use (1) to compute relevant 
GW invariants of E{0) with il^{F) constraints and then apply (2) to those 
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invariants with tp{F) constraints to compute invariants with t{F) constraints 
shown in Lemma l6. II 

In the next section, we apply the Symplectic sum formula of "S" to the invari- 
ants in Lemma 16.11 to compute the (partial) Gromov-Taubes invariants that 
appeared in the proof of Proposition 14.41 After various preliminary lemmas, we 
give the proof of Lemma l6.1l at the end of this section. 

Let ipi be the first Chern class of the relative line bundle Lj over A4g,k whose 
geometric fiber at the point (C;xi,--- ,Xk) is T*.. When g = 0,1, there are 
relations between the class tp and some boundary strata of Mg,k (cf section 4 of 
[HI ) • Combining with the composition law of GW invariants (22i| , those relations 
give the TRR formulas for GW invariants of E{0) with tp{F) constraint: Let 
{Ha} and {H°'} be bases of E{0) dual by the intersection form. For /? = 
/?! (8) • • • /3n in [H^.{E{0); Z)]®" and an unordered partition of vr = (vri, 7r2) of 
{!,■•• ,n} with vTi / 0, we set /?^. = (8) • • • (g) where vTj = {/i, • • • , Ik} 
and li < ■ ■ ■ < Ik- We then have 

«'A,o(V'(i^),/3l,--- ,Pn+2) 

= ± ^A,fi{F,P^„Ha)^A,fi{H^,(i.,,(in+l,(in+2) (6.1) 

a 

$A,l(V(i^),/3l,--- ,f3n) 
a 

± EE ^Ai,o(i^,/5.i,i^a) f A,,l(i^",/3.2) (6.2) 
a 

where the sum is over A = Ai + A2 and partitions vr as above, and the sign 
depends on the permutation (7ri,7r2) and the degree of Pi. In particular, if 
deg(/?j) are all even for 1 < i < n the sign is positive. 

Prom now on, we always denote the fundamental class of E{0) by 1. 

Lemma 6.2 Let $ denote the GW invariants of E(p). Then, 

(a) ^s+dF,i{ip{F),pt) = 2a{d), 

(b) ^sfl{^{F),S,F^) = 1, 

(c) ^sfl{ip{F),pt,F,l) = I, 

(d) ^s+dF,i{^{Ff,S) = Aaid), 

(e) ^2S,Q{ij{Ff,pt,F^) = 2, 

(f) ^dF,i{^{F),S,l) = 0. 
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Proof (a) It follows from the genus 1 TRR formula ()6.1() and Remark 15.31 
that 

a 

+ ^s,o{P^pt)^dF,i{S). (6.3) 

The first term in the right hand side vanishes by Remark 15.31 The second 
term also vanishes since ^dF,i{pt, ■) = 0. The last term equals 2a{d) by 
Lemma l5. 21 a. f. Thus, (a) follows from ()6.3() . 

(b) We have 

where the first equality follows from the genus g = TRR formula and 
the second equality follows from Lemma l5.1l and Lemma l5. 21 a. 

(c) We have 

^s,o{^{F),pt,F,l) = ^sfi{P^,pt)^o,o{S,F,l) = 1 

where the first equality follows from the genus g = TRR formula H6.1|) and 
the second equality follows from Lemma l5. II and Lemma l5. 21 a. 

(d) It follows from the genus g = 1 TRR formula (|6.2|) that 

<^s+dF,i{HF)\S) = Y.l^^s+dFfi{F,il;{F),S,H^,H'') 

a 
a 
a 
a 

where the sum is over all decompositions Ai+ A2 = S + dF . The first term in 
the right hand side vanishes by Remark 15.31 The second term becomes 

^>o,o(i^,5, 1) ^s+dF,i[ptMF))- 

This equals 2 (T{d) by Lemma f5.1l and (a). The third term vanishes since A^o,3 = 
{pt} and the last term becomes 

^Sfi{F\ij{F),S) ^dF,i{S). 
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This equals 2a{d) by (b) and Lemma l5.2l f. Thus, we have (d). 

(e) The genus TRR formula H6.1() and Lemma l5. II give 

a 

+ Y.^s,o{P,pt,Ha)^s,o{H'',HF),F^) 

a 

+ J2 <^s,o{F,HF),Ha)<^>s,oiH'',pt,F^). 

a 

The first term in the right hand side becomes 

^s,o{F,ij{F),pt,l) ^s,o{pt,F^). 
This equals 1 by (c) and Lemma l5.2l a. The second term becomes 

$5,o(F',pt) <^s,o{S,HF),F^). 

This equals 1 by Lemma l5.2l a and (b). Since A^o,3 = {pt}, the last term 
vanishes. Thus, we have (e). 

(f) The genus g = 1 TRR formula (|6.2() and Remark 15.31 give 

a 

+ ^<J>o,o(F,5,i/a)<J>dF,l(^",l) 

a 

a 
a 

The first term in the right hand side vanishes by Lemma l5. 11 The second term 
becomes 

^>o,o(5,F,l) ^dF,i{pt,l). 

This vanishes by the fact ^dpi(^pt, • ) = 0. The third term becomes 

<l>o,o{F,l,S) ^dF,i{P^S). 

This also vanishes by the fact ^dF,i{pt, ') — ^- The last term vanishes as well 
by Lemma l5. II Thus, we have (f). □ 
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Observe that by Lemma [5 .11 Remark 15 . 31 and the dimension count the invariant 
^jixi{F, B) vanishes unless A = S and B = pt and that by Lemma l5.2l a and 
the Divisor Axiom we have ^s,oiF,pt) = 1. This observation together with 
Theorem 1.2 of gives 

$A,,(r(F),.) = ^AAi^iF),-) + ^A-sA^^-)- (6-4) 

Lemma 6.3 Let $ denote the GW invariants of E{0) . Then, 

(a) $s,o(r(F),F,5) = 1, 

(b) ^sfi{riF),pt,F,l) =1. 

Proof (a) It follows from H6.4|) . the fact = {pt} and Lemma that 

<^s,o{r{F),F,S) = <!>s,o{i'{F),F,S) + ^o,o{hF,S) = 1. 

(b) We have 

<^s,o{T{F),pt,F,l) = $5,o(V'(i^),pi,i^,l) + ^'o,o(l,pt,i^,l) =1. 

where the first equality follows from (|6.4|) and the second equality follows from 
Lemma l6.2l c and Lemma l5.ll □ 

Note that for B G 7^2(^(0); Z) the dot product B-F e Ho{E{0); 1) corresponds 
under Poincare duality to the cup product in cohomology. The generalized 
Divisor Axiom (Lemma 1.4 of thus yields 

^>A,g(T(F),S,-) = {B-A)^A,gHF)^-) + {B-F)^A,9{pt^-). (6.5) 
Combining this relation with (|6.4j) then gives 

^A,g{^{F),B,-) 

= {B-A)(l>A,g{ij{F),-) + {B-F)^A,g{pt,-) + {B-S)^A-s,g{^,-)- (6.6) 

Lemma 6.4 Let $ denote the GW invariants of E{0) . Then, 

(a) $s,o(V'(-?^), 1,71,72) = 1, 

(b) ^2S+dF,i{HFf,Pt) = I2a{d), 

(c) <^s+dF,i{i^(.F)\l,pt) = 4a{d), 

(d) ^2S+dF,i{i'{F),T{F),pt^) = Uda{d), 

(e) ^s+dF,i{HF),hpt^) = 2da{d). 
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Proof (a) It follows from the genus TRR formula H6.1|) , Lemma 15.11 and 
Lemma l5. 21 b that 

2 $5,0 (V'(i^), 1,71,72) = 2$o,o(i^,l,S)^'5,o(i^,7i,72) = 2. 

(b) The genus g = 1 TRR formula (|(12|) and E,emark l5J-il give 

a 
a 

+ EE '^^A,fl{F,tlj{F),H^) ^A,,i[H'',^{F),pt) 

a 

+ E E 2 ^^1,0 {F, ijiF),pt, H^) <^A„i {H^, ^{F)) 

a 

+ EE ^AAF^^^F?^H^)^A,,i{H^,pt) 

a 

+ EE ^A,fl{F,i^{Ff,pt,H^)^A,,i{H'') 

a 

where the sum is over all decompositions Ai + A2 = 2S + dF . The first term 
in the right hand side vanishes by Remark 15.31 The second term becomes 

^Sfl{F\pt) ^s+dF,i{SMFf). 

This equals Aa{d) by Lemma l5. 21 a and Lemma l6.2l d. The third term vanishes 
since Alo,3 = {pt} ■ The fourth term becomes 

2 ^>s,o [F, ^{F),pt, 1) <^s+dF,i {pt, i'iF)) . 

This equals 4cr(d) by Lemma [6.2l c.a. Since dime A^o,4 = 1, the fifth term 
vanishes. The last term becomes 

^2S,o{F^^^iF)^Pi) ^dF,i{S)- 

by dimension count and Remark 15.31 This equals 4(T(d) by Lemma l6.21 e and 
Lemma l5.21 f. Thus, we have (b). 

(c) The genus g = 1 TRR formula (|6.2() gives 

'^S+dF,l{^{F)\l,pt) 

= Y.TA^S+dF,o{F,^{F),l,pt,H^,H^) 
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+ 


\ ^ \ ^ 

a 




[F, ^>A2,i(i/",?/;(F),pt) 


1 


a 






+ 


Y.Y. 

a 




{F,ij{F),H^) ^A,,i{H'',l,pt) 


+ 


Y.Y. 

a 






+ 


Y.Y. 

a 




{F,ij{F),l,H^)^A2,i{H'',Pt) 


+ 


Y.Y. 

a 




{F,ij{F),pt,H^) 


+ 


Y.Y. 

a 







where the sum is over all decompositions Ai + A2 = 2S + dF . The first term in 
the right hand side of 1)6 .71) vanishes by Remark l5.3l The second term becomes 

<^>o,o{F,l,S) ^s+dF,l{F,^P{F),pt) (6.8) 

since (p^; ' ) = 0- The first factor of (|6.8jl is 1 by Lemma |5.1l and the 

second factor is 2a{d) by the Divisor Axiom H6.6|) and Lemma l6. 21 a. Thus the 
second term in the right hand side of ()6.7() is 2a{d). The third term vanishes 
by Lemma l5. II and Lemma l6.2l f: 

^ J2 ^A,fl{F,pt, Ha) $A.,i iH'',^{F), 1) 

a 

= <^5,o(i^',pt)$dF,l(5,V'(i^),l) = 0. 

The fourth term vanishes since A^o,3 = {pt}- The fifth term vanishes by routine 
dimension count and Remark 15.31 The sixth term and the seventh term vanish 
by routine dimension count and the fact ^dF,i{ptj ') — ^- The last term in the 
right hand side of (|6.7|) becomes 

This equals 2a{d) by Lemma l6.2l c. the Divisor Axiom 1)6. 6() and Lemma l5.2l f. 
Therefore, we have (c). 

(d) The genus g = 1 TRR formula (|6.2|) gives 

^2S+dF,l{lp{F),T{F),pt') 

= Y.li^^s+dF,o{^,r{F),pt\Ha,H'^) 
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= E E 2 ^^1.0 ^^2,1 (^", r{F) , pt) 

a 
a 
a 
a 

where the sum is over all decompositions Ai + A2 = 2S + dF . The first term 
of the right hand side vanishes by Remark 15.31 The second term becomes 

2^Sfi{F^pt) ^s+dF,i{S,T{F),pt). 

This equals 8da{d) by Lemma r5.2l a. the Divisor Axiom H6.5() and Lemma f5.2l c.d: 

^S+dF,l{S,T{F),pt) = d^s+dF,i{T{F),pt) + ^s+dF,i{pt^) = 4.da{d). 
The third term becomes 

<^Sfi{F,r{F),S)^s+dF,i{F,Pt^) = 2da{d). 
This equals 2da{d) by Lemma l6.3l a and Lemma l5.2l d. The fourth term be- 
comes 

2$5,o(i^,r(F),pt,l) $5+<iF,i(pt'). 

This equals 4:d(T{d) by Lemma |6.3l b and Lemma I5.2l d. The last two terms 
vanish by Remark 15.31 Thus, we have (d). 

(e) It follows from and ^dF,i{pt, ■) = that 

<^s+dF,i{r{F),l,pt^) = <^>s+dF,i{^{F),l,pt^). 
By the genus g = 1 TRR formula 1)6. 2() and Remark 15.31 this becomes 

Y,T4'^s+dF,i{F,l,pt\H^,H'') + ^cDoo(F,l,if,)<D5+dF,i(^",Pi') 

a a 

+ Y,^^s,o{F,Pt,Ha)^dF,i{H'',hpt) + Y,2^s,o{FA,Pt,H^)^dF,i{H'',pt) 

a a 

+ Y,^sfl{F,pt\H^) + Y,^sfl{F,l,pt\H^) <^>dFAH")- 

a a 

The first term vanishes by Remark 15.31 The second term becomes 2da{d) by 
Lemma 15.11 and Lemma I5.2l d. The third term and the fourth term vanishes 
since ^dF,i{pt, ■) = 0. The last two terms vanish by Remark 15.31 Thus, we 
have (e). □ 
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Now, we are ready to prove Lemma l6. II 

Proof of Lemma 16.11 (a) The relation (|6.4|) gives 

$25,o(r(F)2,pt) = ^2S,oi^{F),T{F),pt) + '^s,o{l,^{F),pt) + $o,o(l',pi). 
This equals 1 by the fact A^o,3 = {pt} and Lemma 

(b) By (jOI) we have 

^25,o('r(-^)^,7i,72) 

= ^25,o(V'(-?^)^7l,72) + 2$5,o(l,V'(i^),7i,72) + ^0,0 (l^ 71,72) • 
Then, (b) follows from the fact dimcAlo,4 = Ij Lemma l6.4l a and Lemma l5. II 

(c) It follows from that 

^2S+dF,l{T{Ff,pt) 

= ^2S+dF,l{^{Ff,pt) + 3'^s+dF,i{l,^{Ff,pt) + 3^dF,i{l\^{F),pt). 
Now, Lemma in31b,c and the fact ^(iF,iipt, 0=0 show (c). 

(d) Using yields 
^2S+dF,i{r{Ff,pf) 

= ^2S+dF,l{i^{F),T{F),pf) + ^s+dFAl,i^{F),pt^) + 

This equals 16 d(T{d) by Lemma l6.4l d.e and the fact ^dF,iipt, ■) = 0- □ 

7 Relative Gromov— Taubes invariants of E{0) 

The aim of this section is to compute the (partial) relative Gromov-Taubes 
invariants of (£'(0),^) that appeared in Sectional thereby completing 

the proof of the sum formulas (|3.5() . ()3.6() . (|3.1U|) . and Applying the 

Symplectic Sum Formula of ^8.,, we will compute those invariants. 

The (partial) Gromov-Taubes invariants of {E{0),V) defined in (|4.H) 

can be expressed in terms of the relative invariants <I>^ of (-E(O), V) . When the 
multiplicity vector s = (2), the invariants G^Y ^'^^ the classes 2S + dF, d G Z, 
count ^/-regular maps from a connected domain and hence 

G^2S+dF,x,i2) = ^2S+dF,g,{2) ^here g=l-lx- (7.1) 
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When s = (1, 1), the invariants G^Y ^r the classes 25 + dF decompose as a 
sum of two invariants; one is the invariant that counts ^-regular maps from a 
connected domain, and the other is the invariant that counts pairs of ^-regular 
maps {fi,f2), each from a connected domain and having contact order 1 with 
V. Denote the latter invariants by T$^. Then, we have 

G^2S+dF,x,{i,i) = '^^2S+dF,x,ii,i) + '^2S+dF,g,ii,i) where g = l-^x- (7.2) 

For j3 = I3i® ■ ■ ■ ® ^ [-f^* (£'(0))] and an ordered partition vr = (vri, 7r2) of 
{!,■•• , n}, we set fi.,^. = f^h ® ■ ■ ■ ® (^if, where vrj = {/i, • • • , 4} • It then follows 
that 

^^25+dF,x,(l,l) ('^7»-7j ; /^) 

= =^ ^5+(iiF,gi,(l)(<^7»;/^Ti) ^5+rf2i^,<?2,(l)(^7j'/^'^2) (7.3) 

where the sum is over all x = (2 — 2^1) + (2 — 25^2) , d = di + d2-, and partitions 
vr = (7ri,7r2) as above, and the sign depends on the permutation (7ri,7r2) and 
the degrees of In particular, if deg(/3i) are all even the sign is positive. 

The following lemma computes the invariants G<5^ appeared in the proof of 
Lemma f4.2l The proof of this lemma easily follows from ()7.2|) , ()7.3() , Remark l5.31 
and Lemma l5. 21 

Lemma 7.1 Let G<^^ be the invariants of {E{Qi),V) defined in i)4J|) . TJien, 

(a) G$^5,^^p,4_(^-^)(Cpt2) = 5do, 

(b) G'$^5+rfi7,4,(i,i)(Cpt.F;7l,72) = ho, 

(c) G$^^^rfj.,4,(i,i)(C(_^i).^2;7i,72) = -ho, 

(d) G'$^5^,^2,(2)(^pt;7i,72) = 0, 

(e) G$^5+rf^,2,(i,i)('^P*^;^i'^2) = 0, 

(f) G^g^^p^^^^^^^^{CpfF;pt) = ho, 

(g) G^Xs^-dF,2,(2)i'^P''^P^) = °' 

(h) ^$^5^,^ 2,(1,1) = 2^^(^)- 

The following lemma lists the invariants that entered in the proof of 

Proposition I4.4l a and is an immediate consequence of (|7.2|) . (|7.;-{|) . Remark 
Lemma 15.21 and Lemma 15.41 

Lemma 7.2 Let G<1>^ be tie invariants of (£(0),y) defined in ij4.I|) . TJien, 
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(c) G<I>^5+dF,2,(i,i)(C^pt^;^(^)) =4a(d). 

Lastly, Lemma 17.31 below computes the invariants that appeared in the 

proof of Proposition l4.4l b. In order to prove this lemma, we will apply the Sym- 
plectic Sum Formula of [H] to the GW invariants of E{0) in shown Lemma l6.ll 
by writing E{0) as a symplectic sum 

E{0) = E{0)#vE{0) (7.4) 

and by splitting constraints in various ways. In this case, there is also no 
contribution from the neck (cf Lemma 16.1 of j^) and hence we have the 
following sum formulas: Let {7,} be a basis of H^{V;Z) and {7*} be its dual 
basis with respect to the intersection form of V . For /3 = /3i (8) • • • 181 /?n in 
[H^{E{0);Z)]^'' and n = ni + rig, we set 

/?' = /3i • • • /3„i and /3" = /3„i+i • • • ® 

For t{F)"^ and m = mi + 7712, we set 

r' = r(F)'"i and r" = t{F)"'\ 

Then, for such splitting of constraints (3 = (3' ®(3" and t{F)"^ = t' -t" the sum 
formula of the symplectic sum ()7.4() for the class S + dF becomes 

^S+dF,g{P,r{Fr) 

= E E^5+..F,.,(i)(/?',-';C7,) ^5+..F,,.(i)(c^r;/?",^") (7.5) 

i 

where the sum is over all d = di + d2 and g = gi + §2- Similarly, the sum 
formula of the sum (|7.4j) applied to the class 2S + dF with the splitting of 
constraints P = j3' [3" and t{F)"^ = t' ■ t" gives 

^2S+dF,s{P,T{Fr) 

= E E ^ ^2S+diF,gi,(l,l) (Z^'' "^'S C'7»-7j) ^^25+^2 i^,X2, (1,1) {G^i-^^^P", r") 
+ E E ^ ^2S'+diF,5i,(l,l) (/^'' "^'^ G-y^-Tj) ^25+^2^,92,(1,1) {G^^-y^^P", t") 
+ E E ^ ^25+diF,gi,(2) Gy,) '^2S+d2F,g2,{2) (^7"! 

Geometry & Topology, Volume 9 (2005) 



2006 



Junho Lee and Naichung Conan Leung 



+ X] X] ^ ^^25+^1 F,xi, (1,1) (/^'' ■'"'S ^li-Jj) ^2S+d2F,g2,{l,l) (Cy.y ; /?", t') 

i,j 

(7.6) 

where the sum is over all d = di + d2, and g = gi + 2 — ^X2 for the first 
term, 5 = ffi + 52 + 1 for the second term, 5 = gi + 52 for the third term and 
g = 2 — ^xi + 92 for the last term. 

Lemma 7.3 Let G^^ be the invariants of {E{0),V) defined in i)4.I|) . Tfien 
(b) Gcl>^5+.F2,(2)(C^;^(^)') =0. 

(C) G'$^s+dF,2,(l,l)('^P*-^;^(^)') = '^'^0' 
(d) G<^V2S+dF,2,(l,l) (<^( 

(f) G'$2^s+dF,o,(i,i)(^f*^;^(^)') = S 16a(di)a(<i2) + 12da(d). 

Proof (a) Using (|7.2j) . (|7.;-ij) . Remark ESI and Lemma EHJb gives 

G^2W,4,(i,i)(^^^;^(^)') = 26,o'^lo{CF;r{F))^l,{Cp;T{F)) = 0. 

(b) By (|7.1|) . Remark 15.31 and Lemma l5. 41 b we have 

Gf2W,2,(2)(^^F;^(^)') = ^do^^sM2)iCF;r{Ff) = 0. 

(c) It follows from the sum formula Remark 14. II that 
^5+dF,i(r(F)2) = ^ <i>^+,,^,o,(i)(^P*)^W,i,(i)(^i^;^(^)')- 

di+d2=d 

By Remark 15.31 and Lemma 15. 21 a. the right hand side of this becomes 

'^^s+dFMi){CF;riFf). 
Similarly, the sum formula (|7.5|) . Remark 15 . 31 and Lemma l5. 41 b yields 

dl+d2=ci 

+ E '^5+d.F,0,(l)(^(^);^^)'^5W,l,(l)(^^'*;^(^)) 
= 0. 
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Thus, we have 

'^'s+dF,Ui){CF;riFf) = %+dF,i(r(F)2) = 0. (7.7) 
This together with ()7.3() and Lemma l5.4l b then imphes that 

r'^'^5+dF,2,(i,i)(CF.p*;r(F)2) = $^+,^,i,(i)(C7^;t(F)2)cI>^,(^)(C,*) 

+ ^^SMi){CF;r{F)) <I>^+,^,i,(i)(C,,;r(F)) 
= 0. (7.8) 

On the other hand, applying the sum formula 1)7.6(1 we obtain 

$25,o(pt,T(F)2) = i$2V(i,i)(^^*;C'pi.)T$2^5,4,(i^i)(C7^2;r(F)2) 

By Remark 15., S| ()7.2j) and Lemma I7.1l f. the right hand side of this can be 
simplified as 

'^2SMl,l){CF.pUTiFf). 

Consequently, we have 

'^2SMi,i)iCF-puriFf) = ^25,o(pt,r(F)2) = 1 (7.9) 

where the second equality follows from Lemma I6.1l a. Now, (c) follows from 
((Z21), Remark Ol (TThII and ((ZH): 

+dF,2,(l,l) 

(d) We have 

^2S,o(7l,72,T(i^)^) 

= -2 ^^5,0,(1,1) (71, 72; Cpt2) T'^^sAHA) {CF^;r{Ff) 
+ 2^^5,o,(2)(7i>72;Cpt) $2V(2)(C^i^;^(^)') 

+ ^'^'^5,4,(l,l)(^l'72;Cpt-F) ^2''5,0,{1,1)(^^-P^^(^)') 

+ ^^^5,4,(1,1) (^1' 72; <^7i-72) ^^5,0,(1,1) ('^{-7i)-72;^(^)^) 

= ^2's,0,(l,l)(^^-P*;^(^)') + ^2^(1,1) (^(-7i)-72;^(^)')- 
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where the first equality follows from the sum formula H7.6() and the second fol- 
lows from Remark l5.3l (|7.2I) and Lemma fT.ll b.c. This together with Lemma fO.lI b 
and ()7.9|) shows 

^25,0,(1,1) (C(-7i)-72;^(^)^) = 1- 
On the other hand, (|7.3|1 and dimension count give 

^^2S+dF,2,(l,l)(C(-7i)-72;'r(-^)^) = 0- 

Consequently, we have 

G^2S+dFMhl) ('^{-7i)-72 ; ^i^f) 

= ^^25+dF,2,{l,l)(C(-7i)-72;'^(-^)^) + '^rf0^^s,0,(l,l)('^(-7i)-72;^(^)^) 
= ^dO- 

(e) Using the sum formula (|7.6j) . we have 

^2S+dF,l{pt,T{Ff) 
di+d2=d 

+ E ^^2swM2M^(Py^Cpt) ^2^^2^,0,(2) (Cf;t(F)2) 

di+d2=d 

+ E '^2s+d,FMi,i) ip*^ ^(^); c'p^f) T<^>^s+d2FMi,i) (^p*-^; ^(^)') 

+ E '^^S+diF,0,(l,l)(P*>^(^);Cpi.F)<^2Vrf,^,0,(l,l)(^^pt-F;T(F)2) 

+ E 2 ^2's+diF,o,(2) ^(^); C^f) ^^5+^,^,1,(2) {CpU r{Ff) 
di+d2=d 

+ E hT^Xs+d,FA,il^M^^^^y^^P') ^2S+d2FXil,l)Kt^-^^^Pf)- 
di+d2=d 

(7.10) 

The first term in the right hand side vanishes by H7.3|) and Lemma l5.4l b. The 
second term vanishes by Lemma l5.4l b. The third and the fourth terms vanish 
by Remark E31 The fifth term becomes 

'^'^2S+dFM2)iCpfMFf) 

by Remark 15.31 and Lemma l5. 41 a. The sixth term becomes 

^^^5+dF,2,(l,l) (P*' '^(^); (^Pt i^) 
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by Remark 15.31 and H7.9() . The last term vanishes by (\7.'d\i and Lemma l5.4l b. 
Thus, together with Lemma l6.1l c. we have 

+dF,l,{2) 

(Cpt;T(F)2) +TcI>2^^^,^2,(i,i)(P*,T(F);Cpt.i.). (7.11) 

On the other hand, it fohows from 1)7. 3() . Remark 15.31 Lemma 15. 21 a. c and 
Lemma l5. 41 b that 

+ Cpt) ^5,0,(1) (p*; Cf) 

= Aa{d). (7.12) 
Then, (e) fohows from ((Till), (TTTTl) and (TTH^ : 

G''f^5+dF,o,(2)(^P*;^(^)') = ^2S+dF,U2){CpuriFf) = 10 aid). 

(f) The sum formula (|7.6|) gives 
^2S+dF,i(pt',r(F)2) 

= Yl ^^2S+diF,l,{l,l)(?'*^;^pt0^^2S'+d2,4,{l,l)(CF2;T"(^)^) 

^1+^2=1^ 
di+d2=d 

+ E ^2S+diF,0,(l,l) (^'^^^ '^P*'^) ^^25+d2F,2,(l,l) (Cpi F; T{Ff) 
di+d2=d 

+ E ^2S+diFA(ia)(^'*^''^P*-^) ^25+d2i^,0,{l,l)(C'pt-P';'^(-^)^) 
di+d2=d 

+ E 2 '&2VdiF,o,{2) {Pt'; Cf) ^^S+d2FM2) (Cpf, r{Ff) 

di+d2=d 
'ii+'i2='i 
di+d2=d 

The first two terms in the right hand side vanish by Lemma 15. 41 b. while the 
next three terms vanish by Remark 15. 31 Thus, by Lemma [6. li d and Remark l5.3| 
the equation 1)7. 13() becomes 

16da{d) = TcI.2^5+dF,2,(i,i) (pi'; ^2^(1,1) 
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By (|7.3|) and Lemma I5.2l a.d. the first invariant in the right hand side 

becomes 

^^25+rfF,2,(l,l)(f'*^; Cpt p) 

= ^s,o,(i)(^P*)^s+dF,i,(i)(p*';C'^) + '^'^S+dFMlM'^Pi)'^SMlM-^CF) 
= Ada{d). (7.15) 

By ()7.3p and Lemma l5.2l a. the second invariant becomes 

T'^2SM^,,~>{pt';CF.) = 2cI>^o(,)(pt;C^) 1>lo,iiM^CF) = 2. (7.16) 

Then, by (Tmi) . (Tn^l) . (TtHI) and (1711)1) we have 

^^s+dFXii,i){Cpt^-,r{Ff) = I2da{d). (7.17) 

On the other hand, the sum formula ()7.5p and Remark 15.31 give 

$5+dF,2(T(F)2) 
di+d2=d 

+ ^5,0,(1) (^^*5^^)'^5+F,2,(l)(Cp*;^(^)')- (7.18) 

The first term of the right hand side vanishes by (|7.7j) and hence by Lemma f5.2l a. 
the equation 1)7.18(1 becomes 

^s+dpMPf) = ^5+F,2,(l)(Cpt;T(F)2). (7.19) 

Splitting constraints in a different way, the sum formula (j7.5j) and Eemark 15.31 
give 

<^S+dF,2{^{Ff) 

= '^s+dFMiM<^y^^p^) '^5,0.(1) (^^;^(^)) 

+ E ^s+d,FMi) (^*' ^(^); ^s+d,F,ii) {CpU r{F)) . (7.20) 

di+d2=d 

The first term of the right hand side vanishes by Lemma 15. 41 b. Thus, by 
Lemma ESc the equation (|7.2nj) becomes 

$5+dF,2(r(F)2) ^ ^ 4^7(^1)^7(^2). (7.21) 

di+d2=d 

Relating (f7l9|) and fL2T^ . we have 

^5+F,2,{i)(^pt;^(^)') = E 4a(di)a(d2). (7.22) 

iil+ii2=<i 
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Consequently, (|7.3() . Remark 15.31 H7.22() and Lemma l^^ a.c show that 

di+d2=d 

= Yl 16cT((ii)a(d2). (7.23) 

di+d2=d 

Thus, we have 

G'^25+dF,0,(l,l) i^Pt^ ; ^(^)^) 

= Y 16cj((ii)cj(d2) + 12(i<T((i) 

cii+d2=(i 

where the first equahty follows from 1)7. 2p and the second follows from 1)7. 17p 
and (IZ2SI)- □ 
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